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This paper investigates the algebraic properties of fuzzy sets under the new 
operations "drastic product" and "drastic sum" introduced by Dubois in 1979, and 
the algebraic properties in the case where these new operations are combined with 
the well-known operations for fuzzy sets. The properties offuzzy relations are also 
shown under a new composition f fuzzy relations which is defined by using the 
drastic product. 
1. INTRODUCTION 
As the continuation of our study on "Fuzzy Sets and Their Operations" 
(Mizumoto and Tanaka, 1981a) which shows the algebraic properties of 
fuzzy sets under the operations of "bounded-sum," "bounded-difference" and 
"bounded-product," and the algebraic properties of fuzzy sets when these 
operations are combined with the well-known operations of intersection, 
union, algebraic product and algebraic sum, this paper investigates the 
algebraic properties of fuzzy sets under the new operations "drastic product" 
and "drastic sum" introduced by Dubois (1979). The properties of fuzzy sets 
are also obtained in the case where these new operations are combined with 
the well-known operations of intersection, union; algebraic product, algebraic 
sum; and bounded-product, bounded-sum. Moreover, the properties of fuzzy 
relations are briefly discussed under new compositions which are defined by 
using the drastic product and bounded-product. 
The operations of drastic product and drastic sum have found very 
interesting applications to interactive fuzzy numbers (Dubois and Prade, 
1981) and the fuzzy reasoning problem (Mizumoto, 198 lb, 1982). Therefore, 
it will be valuable to investigate the properties of these operations for further 
applications. 
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2. Fuzzy SETS AND THEIR OPERATIONS 
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Let A and B be fuzzy sets in a universe of discourse U, and/aA and/as be 
the membership functions of A and B, respectively, then the operations over 
fuzzy sets A and B are listed as follows: 
Intersection: A N B <=>/aa c~e =/aa A/as ; (1) 
Union: A t,..J B <=> /aAvot~=/a a V/As; (2) 
Algebraic Product: A • B ~=>/aA.S =/aA/ae; (3) 
Algebraic Sum: A q-B *>/aA+S =/aA +/aS--/aA/as; (4) 
Bounded-Product: A @ B <=~ /aA 03~ = 0 V (PA + ~aS- 1); (5) 
Bounded-Sum: A ®B~=>/aA®B= 1 A Ca +/as); (6) 
/aA "'"/as = 1 
A ~ B ~r.. /aAC~ = /ae ... /aA =--1 
0 "'"/aa,/as < 1; 
/aA ""/as = 0 
Drastic Sum: A~B~/AAwB= /aU'"/aA =O (8) 
1 '''/aA,/aS > 0; 
Drastic Product: (7) 
where the operations of A, V, + and - represent rain, max, arithmetic sum 
and arithmetic difference, respectively. 
It is easily checked that the operations of intersection, algebraic product, 
bounded-product and drastic product are dual to those of union, algebraic 
sum, bounded-sum and drastic sum, respectively. Drastic product (~) and 
drastic sum (~) for fuzzy sets are corresponding to the operations Tw(x, y) 
and Tw*(x, y) which were originally studied by Schweizer and Sklar (1963) 
as a semigroup operation and then introduced by Dubois (1979) into fuzzy 
set theory. In this paper we shall rewrite Tw(x, y) as x Ay, and Tw*(x, y) as 
x V y for convenience. Thus, for x, y ~ [0, 1 ], 
x ay  = rw(x ,  y)  = 
x ~/y = Tw*(x, y) = 
l 
x . . .y=l  
y . . . x  = 1 (9) 
O. . .x ,y< 1, 
t 
x . . .y=O 
y . . .x=O (10) 
1 . . . x ,y>O.  
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The following inequalities hold for these operations: For x, y ~ [0, 1], 
xA y<x@y<x.y<xA y, (11) 
xVy>x@y>=xSry>=xVy, (12) 
where @, . ,  A, ®,  ~- and V stand for bounded-product, algebraic product, 
min, bounded-sum, algebraic sum and max, respectively, which correspond 
to the fuzzy set operations in (1)-(6). 
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It follows from these inequalities that A is the most drastic operator, while 
@, • and A are less drastic (Dubois and Prade, 1981). In fact, the drastic 
product A is not only the smallest among {A, @, . ,  A}, but also among any 
semigroup operation * of [0, 1] with identity 1, commutativity and non- 
decreasingness, while the min A is the greatest among these operations. That 
is, x A y < x*y < x A y. Hence ~ is the smallest possible fuzzy set inter- 
section and C3 is the greatest one. The dual property holds for V(U) and 
V(U). See Schweizer and Sklar (1963) and Dubois (1979). Therefore, in this 
paper we call the operator A (as well, ~)  as "drastic product," and the 
operator V(U) as "drastic sum." In Figs. 1-2 these operations are depicted 
by using a parameter y in order to see how drastic the operations A and V 
are. Such tendencies can be also observed for the fuzzy set operations in 
(1)-(8) (see Fig. 3). 
From the inequalities in (11) and (12), we can have the following ordering 
for fuzzy set operations. 
A~Bc_A @Bc_A . Bc_A~B 
c_AUBc_A 5rBc_A @Bc_A UB. 
(13) 
3. ALGEBRAIC PROPERTIES OF FUZZY SETS 
In this section we shall discuss the algebraic properties of fuzzy sets under 
the operations of drastic product (~) and drastic sum (U), and the properties 
of fuzzy sets when these operations are combined with the well-known 
operations in (1)-(6). Moreover, as a summary of this paper and the 
previous paper (Mizumoto and Tanaka, 1981a), this section lists the 
algebraic properties and algebraic structures under all the fuzzy set 
operations (1)-(8). 
I. The Case of Drastic Product ((3) and Drastic Sum (U) 
Let A, B and C be fuzzy sets in a universe of discourse U, then we have 
Idempotency: A ~ A c A, 
(14) 
A VAA @A; 
Commutativity: 
Associativity: 
A~B=B~A,  
AUB=BUA;  
A CB (B ~ C)-= (A C~B)~ C, 
A ~ (Su C)-- (A vJS)w C; 
(15) 
(16) 
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Absorption: 
Distributivity: 
De Morgan's laws: 
A~(AUB)  c_A, 
AU(A~B)~A;  
A ~ (BU C) ~ (A C~B)W (A ~ C), 
A ~A (B ~ C) q= (A U B)C~ (A W C); 
A (~B =A UB,  
(17) 
(18) 
(19) 
A~B=ACBB;  
Identity: A ~ U = A, (20) 
AWe=A;  
Nullity: A ~ 0 = 0, (21) 
AUU=U;  
Complementarity: A ~X= O, (22) 
AU,4= U; 
where ¢ is an empty  set def ined by /% = 0. 
THEOREM 1. Fuzzy sets under ~ form a commutative semigroup with 
unity (= U). ~ The duality holds for U. Fuzzy se}s under ¢3 and U do not 
satisfy the absorption and distributive laws and hence they do not form such 
algebraic structures as a lattice 2and a semiring. 
We shal l  next examine  the absorpt ion  and d istr ibut ive propert ies for fuzzy 
sets under  the operat ions  ~ and W which  are combined  with n and U.  
II. The Case of Drastic Product ((~) and Drastic Sum (U) Combined with 
Intersection (¢3) and Union (u )  
Absorption: A ~ (A NB)GA,  (23) 
A ~ (A U B)  G A, (24) 
A U (A (3B)~A;  (25) 
1A semigroup (S, *) is a set S together with an operation * such that • is associative. A 
commutative s migroup with unity 1 (or a commutative monoid), (S, *, 1), is a semigroup 
such that * is commutative and has a unity 1 such as a*  1 = 1 * a =a.  
2A set L with two operations A and V satisfying idempotent laws, commutative laws, 
associative laws and absorption laws is said to be a lattice and denoted as (L, A, V). A 
pseudo-complemented distributive lattice (L, A, V,/, 0) is a lattice which satisfies distributive 
laws and has a pseudo-complement for each element of L. I and 0 are the greatest and least 
elements, such as a V I = I and a A 0 = 0. 
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A U (A U B)  ~ A; (26) 
and AN(A(3B)~A,  (27) 
,4 n (,4 w 8) =,4, (28) 
A U (A ~ B)= A, (29) 
AU(AWB)~A;  (30) 
Distributivity: A ~ (B N C) = (A ~ B) N (.4 C~ C), (31) 
A (~ (B U C) = (,4 ~ B) U (A ~ C), (32) 
A ~ (B A C)= (A W B)A  (A ~ C), (33) 
A u (B U C) = (A ~V B) u (A u C); (34) 
and AN(B~C)~(AAB)~(AAC) ,  (35) 
`4A(BWC)c(AAB)U(AAC) ,  (36) 
AU(B~C)~_(AUB)~(AUC) ,  (37) 
`4u(svJc) _(,4u )w(,4uc). (38) 
THEOREM 2. Fuzzy sets form a commutative semiring with unity (= U) 
and zero (= ¢)3 under ~ (as multiplication) and U (as addition). The duality 
holds for U and n.  Moreover, fuzzy sets constitute a commuative semiring 
with unity (= ¢) under U (as multiplication) and U (as addition). The duality 
holds for ¢~ and n.  Fuzzy sets form a lattice ordered semigroup with unity 
(= U) and zero (= ¢)4 under n,  y and ~, where ~ is a semigroup operation. 
The duality holds for U, n and ~. 
3A semiring (R, ×, +) is a set R with two operations of ÷ (addition) and × 
(multiplication) such that + is associative and commutative, and X is associative and 
distributive over +, i.e., a X (b + c) = (a × b) + (a X c). A commutative semiring w th unity 1,
(R, X, +, 1}, is a semiring such that X is commutative and has a unity 1. Moreover, if + has a 
unity 0 and satisfies 0 X a = a X 0 = 0, it is said to be a commutative semiring with unity 1 
and zero 0 and written as (R, ×, +, 1,0). 
4A lattice (L,A,V) which is a semigroup under * and also satisfies the following 
distributive law is called a lattice ordered semigroup (L, A,V,*). a* (b V c)= 
(a • b) V (a * c). A lattice ordered semigroup with unity I and zero 0, (L, A, V, *, L 0}, is a 
lattice ordered semigroup satisfying 
aVI=I ,  a . l= l*a=a,  
aV0=a,  a*0=0*a=0.  
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III. The Case of Drastic Product ((~) and Drastic Sum (U) Combined with 
Algebraic Product (.) and Algebraic Sum (~-) 
Absorption: A ~ (A • B) c A, (39) 
A ~ (A + B) cA ,  (40) 
A t4) (A • B) ___A, (41) 
A U (A + B) _A;  (42) 
and A • (A~B)c_A ,  (43) 
A • (A ~B)  ___A, (44) 
A ~- (A ~B)D_A, (45) 
A -]- (A WB) @A; (46) 
Distributivity: A ~ (B • C) ~ (A ~ B) . (A ~ C), (47) 
A ~ (B ~- C) c (A ~ B) 5r (A ~ C), (48) 
A t.:) (B. C) ___ (A U B). (A U C), (49) 
A u (a $ C) _ (A W 8) $ (,4 U C); (50) 
and A.  (B~C)~_(A • B)F3(A. C), (51) 
A.  (B t.:j C) ___ (A • B) W (A • C), (52) 
A ~- (B~C)@(A ~-B)f3(A ~-C), (53) 
ASr (BWC)~(A~-B)U(A~-C) .  (54) 
THEOREM 3. Fuzzy sets do not form such algebraic structures as a 
lattice and a semiring under ~ and +. The same is true of (~, .), (U, .) and 
(•, $). 
IV. The Case of Drastic Product (~) and Drastic Sum (U) Combined with 
Bounded-Product (Q)) and Bounded-Sum (Q) 
Absorption: A ~ (A Q) B)~A,  (55) 
A ~ (A • B) _c A, (56) 
A U(A Q) B)~A,  (57) 
A ~ (A ® 8) _~A; (58) 
and A Q) (A ~ B) ___ A, (59) 
A Q) (A W B) M A, (60) 
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Distributivity: 
and 
A Q (A ~B)~A,  (61) 
A @ (A UB)@A; (62) 
A ~ (B @ C) _~ (A 6~ B) @ (A (3 C), (63) 
A ~ (B ® C) ___ (A ~ B) ® (A ~ C), (64) 
A W (B @ C) _~ (A U B) @ (A W C), (65) 
A ~ (B ® C) _~ (A U B) • (A W C); (66) 
A@(B~C)@(A@B)C~(A@C) ,  (67) 
A@(B~C)=/=(A@B)W(A@C) ,  (68) 
A @ (B ~ C) ¢ (A ® B) ~ (A ® C), (69) 
A @ (BU C) ~_ (A @B) W (A @ C). (70) 
THEOREM 4. Fuzzy sets do not constitute such algebraic structures as a 
lattice and a semiring under ~ and ®. The same is true of (~, @), (U, @) 
and (~3, @). 
As a summary of this paper and our previous paper (Mizumoto and 
Tanaka, 1981a), we shall list he algebraic properties of fuzzy sets under all 
the operations in (1)-(8). Moreover, we shall summarize the algebraic 
structures which fuzzy sets form under these operations. 
Table I lists the algebraic properties of idempotency, commutativity,..., 
complementarity under the fuzzy set operations. The symbol "=" represents 
that such a property is satisfied. The symbol "~" means, say, A ~ A ~ A in 
the case of ~, and "___" means, say, A •A __A in the case of U. The 
TABLE I 
Algebraic Properties under Fuzzy Set Operations 
m ~ Q ® $ n u 
c ~ c ~ c ~ = = 
. . . .  4= 4: =/= 
Idempotency 
C ommutativity 
Associativity 
De Morgan's laws 
Identity 
Nullity 
Complementarity 
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complementarity under • and +, and ~ and ~ is not satisfied, but we 
certainly have 
O~A. A_  0.25U; 0.75U~A~-Y~U, (71) 
O~ANJ~O.5U; 0.5U~ALgA~U, (72) 
where, for example, 0.25U is a fuzzy set defined by /10.25~.=0.25/Iu= 
0.25 X 1 = 0.25. 
Table II shows the absorption property under each pair of fuzzy set 
operations. The operations are ordered as in the case of (13). Each symbol 
of the table means the following. For example, 
= : A ~ (A U B) = A for the ordered pair (~, L)), 
~_: A(~(A@B)~Afor  ((5,@), 
@: AU(A-kB)@A for (U,~-). 
Table III indicates the distributivity under each pair of fuzzy sets 
operations, where the symbols represent that, for example, 
= : A (3 (B U C) = (A ~B)  U (A (3 C) for the pair ((B,U), 
~_: A~(B~-C)c_(Ar3B)SF(A~C)for (~,-i-), 
AC (BQC)=_(A B)Q(AC C)for 
¢: A@(B.C)¢(A@B) . (A@C) for  (@,.). 
TABLE II 
Absorpt ion  Proper ty  under Fuzzy  Set Operat ions  
c~ Q n u -i- ® ~v 
(~) C ~ C C ~ C C 
643/50/2 6
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TABLE III 
Distributivity under Fuzzy Set Operations 
m (3 m u 4- ® u 
~ 2  D = = _c c_ @ 
"~ ' - \  ~ = c_ c_ c 2 
N ~ ~ @ - -  ~ = c c_ c_ 
U _~ _~ ~ ~.~ _c c_ 
® ~ ~ ~ _- = ~ ~ _c 
U :/: _~ ~_ = = c_ 
TABLE IV 
Algebraic Structures under Fuzzy Set Operations 
Commutative semigroup with 
unity 1 (S, ,, 1) 
(y ,  m, u), (LF, (3, U), (.f: ', U), (.T, n, U) 
('~-, ~, 4), ( J ,  ®, 4), (S,  +, 4), ( J ,  U, 4) 
Pseudo-complemented distributive (,Y-, n, U, U, 4) 
lattice (L, A, V, L 0) (,~-, U, n ,  ~, U) 
Commutative semiring 
with unity 1 and zero 0 
(R, X, +, 1,0) 
Commutative semiring with 
unity 1 (R, ×, +, 1) 
Lattice ordered semigroup 
with unity I and zero 0 
(L, A, V,*,L O) 
(~,  m, u, w,@, (~,  ~o, n, ,, u), 
( J ,  (3, u, u, @, ( J :  ®, n, ~, w), 
( J ,  .,u, w,¢), (~, +, n, O, u) 
(~, m, n, u), (,T, @,n, u), (~: .,n, u) 
( J ,  ~, u, ,~), (~, ®, u, ,~), ( J ,  +,,u, ¢,) 
(~, n, u, m, u,¢), (~, u, n, ~, ¢,, u), 
(~, n, u, G, u, ¢,), (~, u, r",: @,,L u), 
(J-, n, u,., u,¢), ( J ,  u, n, +,¢,, u) 
Table IV shows the algebraic structures under fuzzy set operations, where 
J -  is the family of fuzzy sets in U. The definition of each algebraic structure 
is found in Footnotes 1-4. 
4. NEW COMPOSITIONS OF FUZZY RELATIONS 
We shall briefly investigate new composit ions of fuzzy relations obtained 
by introducing bounded-product  C) and drastic product  /~. The new 
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composition called max-Q) composition and max-/~ composition have been 
shown by Mizumoto (1981b, 1982) to be very useful to fuzzy reasoning 
problem: Quite reasonable inference results can be obtained in the fuzzy 
conditional inference if these new compositions are used in the compositional 
rule of inference, though good inference results are not obtained in general 
when a max-rain composition is used. 
As is well-known, the max-min composition and max-product omposition 
of fuzzy relations are defined as follows: 
Let R be a fuzzy relation in U X V and S be a fuzzy relation in V X W, 
then we have 
Max-min Composition: 
R o S <=>pRos(U, w) = V {pR( u, v) A Us(V, w)}. (73) 
O 
Max-Product Composition: 
R . S ¢:~ p,.s(U, w)= V {p,(u, v) . ps(V, w)}. (74) 
In the same way, we can easily propose new compositions by using 
bounded-product @ and drastic product A. 
Max-@ Composition: 
R [] s ~p.~s(u, w) = V {p.(u, ~) @us(v, w)l, (75) 
l) 
where 
xQ) y=OV (x + y--1) .  
Max-IX Composition: 
R • S~.p..s(u, w) = V {p.(u, v) aps(V, w)t, 
V 
(76) 
where 
x . . .y= l  
x/X y= x=l  
x ,y< 1. 
Similarly, we could define a number of new compositions such as ~--min 
composition, D-product composition and X7 -- Q) composition if V, -~, ®, V, 
A,., Q) and/3 were combined with each other. 
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EXAMPLE 1. Let R and S be fuzzy relations such as 
R = ,1 io 090:i ] 0.9 0.5 0.4 , S= 0.7 0 , 
0.3 0.9 0.1 [0.1 0.4 
then we have R o S, R • S, R [] S and R • S in the following. 
7°7 ,] 0.561] 
RoS= 0.8 0.9 0.5 , R .S= 0.72 0.81 0.4 , 
0.9 0.7 0.8 [0.9 0.63 0.72 70 1] 04 1] 
R[ ]S= 0.7 0.8 0.4 , RAS=-  0.5 0 0.4 . 
0.9 0.6 0.7 0.9 0 0.1 
As was shown in this example, we can obtain in general 
R ASc_RDSc_R .SC_R oS  (77) 
by virtue of the property of (11) for Zx, @,  • and A. 
EXAMPLE 2. Let R be a fuzzy relation on the real line which represents 
"u is approximately equal to v," i.e., "u ~ v": 
pn(u, v) = max{0, 1 - [u  - v[}. (78) 
Then we obtain 
.RoR(U,v)=max 10,1 ]u--vl I
2 ' 
l( 1 ~v)2 - ~R.~(u,  v)  = ~ . . .  lu - vl _-< 2 
0 -...lu-vt>=2, 
PkC~R(U, V) = max/0,  1 - - lu  -- vl}, 
t.tR,R(U, V) = max{0, 1 - - lu  -- vl}. 
Therefore, 
RoRDR.R~__R,  Rt - IR=RAR=R.  
From these results, we may say that the max-min composit ion R o R and 
max-product composit ion R -R  fit our intuition in the case of R = ~.  
However, it is noted that the max-@ composit ion R FIR and max-& 
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composition R • R satisfy the transitive law and thus the fuzzy relation R 
which is reflexive and symmetric in nature becomes a fuzzy equivalence 
relation (Zadeh, 1971) under each of [] and A. 
As another example, let us consider a fuzzy relation S which also 
represents "u ~ v" and is defined by 
Then we have 
Namely, 
~as(U, v) = max{0, 1 - (u - v)Z}. 
(R - -  /))2 
t =>/aAu, v), 
2 
... ]u -  /)] <= 2 
/asos(U, v)=max 10,1 
/ 
/u 
0 . . . lu -v l __>2 
>= ~as(U, v), 
maxl0 >_-/~s(u,/)), 
UsAs(U, v) = max{0, 1 - (u - v) z } =~as(U, v). 
(79) 
RAScRDS~R.S~R o S, (80) 
R • (s ,  T )= (R • S ) ,  7; (81) 
S~T~R ,SGR , T, (82) 
R • (su  r)  = (R • s )u (R  • 73, (83) 
R * (S N T) ~ (R • S) A (R * T), (84) 
I , R =R , I=R,  (85) 
0 * R =R * 0 = 0, (86) 
(R ,  s )  c = s c • R ~, (87) 
S o SD S"  SD__ S [ ]SD S AS  (=-S). 
Thus, the fuzzy relation S also becomes a fuzzy equivalence relation under 
A. 
As in the case of max-min composition "o", we can obtain the following 
properties under max-product composition ".", max-Q) composition "El" 
and max-A composition "A". 
Let R, S and T be fuzzy relations on U, and let • ~ {o,., D, A}, then 
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where I and 0 are identity relation and null relation, respectively, and R c 
stands for the converse of R. 
5. CONCLUSION 
As was shown by Dubois and Prade (1981) and Mizumoto (1981b, 1982), 
the new operations of drastic product and drastic sum have found very 
interesting applications to the problems of fuzzy number and fuzzy 
reasoning. Therefore, it is hoped that these operations will develop further 
interesting application fields. For  example, it will benefit such problems as 
fuzzy classification (Tamura et al., 1971; Ozawa, 1978) to discuss a general 
form of reflexive and symmetric fuzzy relation R which satisfies R • R = R 
under • = A, [ ] , . ,  o and to obtain a fuzzy equivalence class and fuzzy 
partit ion of R under , .  
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